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Nov/Dec-2023

Topology 1(Core (New))
Time: 2:30 Hours Marks: 70
Instructions:
1. Figures to the right indicate marks.
2. All questions are compulsory.
Que.1(A) Answer any Two out of Three. (10)

1) Let{T, | a € A} be a family of topologies on a set X. Then show that N,ep T, IS @
topology on X.
2) Let X be a setand B a basis for a topology 7" on X. Then show that T is the
collection of all unions of elements of B.
3) Show that the topologies of R, and Ry are both strictly finer than the standard
topology on R.
Que.1(B) Answer any One out of Two. (04)
1) LetX be anon-empty set. Let 7; be the collection of all subsets U of X such that
either X \ U is finite or whole of X. Then show that 7; is a topology on X.
2) Let X beasetand S be a subbasis for a topology on X. Let
B = {B c X | B is intersection of finitely many elements of §}.
Then show that B is a basis for a topology on X.
Que.2(A) Answer any Two out of Three. (10)
1) Let (X,T) be atopological space and Y < X. Show that the collection
Ty ={UnY|U€eY}
is a topology on Y.
2) LetX andY be topological spaces and f: X — Y be a function. Then show that the
following are equivalent.
l. f is continuous.
. For each x € X and each neighborhood V of f(x), there is a neighborhood
U of x such that f(U) c V.
3) State and prove the Pasting lemma.
Que.2(B) Answer any One out of Two. (04)
1) Let X and Y be topological spaces. Let
B={UxVeXxY|UisopeninX,VisopeninY}.
Then show that B is a basis for a topology on X X Y.
2) Let X and Y be topological spaces. Show that the collection
S ={ny*(U) | Uisopenin X} u {m; (V) |V is openin Y}
is a subbasis for the product topology on X X Y.
Que.3(A) Answer any Two out of Three. (10)
1) Let X be a topological space, let U is open in X and A is closed in X. Then show
that U \ AisopeninX and A\ U is closed in X.
2) Let X be atopological space and A, B < X. Then show that
AUB=AUB.
3) LetX and Y be topological spaces, and A c X and B c Y. In the space X X Y with
product topology, show that A x B = A X B.
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Que.3(B) Answer any One out of Two. (04)
1) Let X be a topological space, Y be a subspace of X and A c Y. Then show that the
set A is closed in Y if and only if it is the intersection of a closed set of X with Y.
2) Let X be a topological space and A c X. Then show that A =AU A'.
Que.4(A) Answer any Two out of Three. (10)
1) Show that the topologies on R™ induced by the Euclidean metric d and the square
metric p are the same as the product topology on R™.
2) Let X be a metrizable space and A < X. Then show that x € A if and only if there is
a sequence of points of A converging to x.
3) Let X and Y be metrizable topological spaces with metrics dy and dy respectively
and f: X — Y be a function. Then show that the continuity of f is equivalent to the
condition that given € > 0 and x € X, there exists & > 0 such that dy(x,y) <
§=dy(f(x), f(y) <e.
Que.4(B) Answer any One out of Two. (04)
1) Let (X, d) be a metric space. Then show that the collection
Ba ={Bs(x,&) | x € X,e > 0}
is a basis for a topology on X.
2) Let X be a metric space with metric d. Define d: X X X - R by
d(x,y) = min{d(x,y),1}.
Then show that d is a metric that induces the same topology on X as d.
Que.5(A) Answer any Two out of Three. (10)
1) Let X be a topological space, let C and D form a separation of X and Y is
connected subspace of X. Then showthatY c CorY c D.
2) Show that the union of collection of connected subspaces of X that have a point in
common is connected.
3) Show that the image of a connected space under a continuous map is connected.
Que.5(B) Answer any One out of Two. (04)
1) Show that every path connected space is connected.

2) Let X be a topological space. Then show that every component of X is closed in X.
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